Abstract. This paper is concerned with the study of fuzzy dynamical systems. Let (X, M, * ) be a fuzzy metric space in the sense of George and Veeramani. A fuzzy discrete dynamical system is given by any fuzzy continuous self-map defined on X. We introduce the various fuzzy shadowing and fuzzy topological transitivity on a fuzzy discrete dynamical systems.
Introduction
Fuzzy topology is an extension of the ordinary topology which has become an area of active research in the recent years, because of its numerous applications [21] . George and Veeramani (see [6, 7] ) modified and studied a notion of fuzzy metric M on a set X via of continuous t−norms which introduced by Kramosil and Michalek [13] . From now on, when we talk about fuzzy metrics we refer to this type of fuzzy metric spaces.
George and Veeramani proved that M induces a topology on X. This topology is not the same as the fuzzy topology. Actually, this topology also can be constructed on each fuzzy metric space in the sense of Kramosil and Michalek [10, 13, 16] . We should remark that the topology on X deduced from a fuzzy metric M , does not depend on the t-norm [7] .
The shadowing property and chain mixing are two of the most important concepts in discrete dynamical systems [1] , which are closely related to stability and chaotic behavior of dynamical systems, see, for instance [11, 22, 23, 24] and they are essential parts of stability and ergodic theory [1] . In this direction the concept of ergodic shadowing property, topological mixing and chain mixing are another formal ways to get some special dynamical properties, for discrete dynamical system (X, f ), where f is an onto continuous map (see [3, 4, 17, 18, 20, 22, 23] ).
The study of discrete fuzzy dynamical systems has been done by many authors and different properties of fuzzy discrete dynamical systems were considered.
For example, study of some chaotic properties of the discrete fuzzy dynamical system has been done by some authors [2, 14, 15, 19] .
Nearness depends on the time and we have not introduced any distance as a metric. In fact, fuzzy metric determines the rate of nearness without introducing a distance number, this is the main idea of the fuzzy metric spaces. This theory implies that the rate of nearness is more important than the notion of distance. For this reason we use of the word fuzzy, since there is not any distance in fuzzy metric space theory. In this paper we have extend the notion of shadowing by using of the rate of nearness instead of distance. In coding theory distance is not reachable, but we can determine the rate of nearness.
Since shadowing is one of the important property in the theory of discrete dynamical systems as it is close to the stability of the system and also to the chaotic behavior of the systems [11, 22, 23, 24] , this extension can be a useful tool to study stability and chaos in fuzzy discrete dynamical systems.
The present paper is organized as follows: In Section 2, several basic definitions and notations are presented. In Section 3, we consider the concept of fuzzy discrete dynamical systems which is a generalization of discrete dynamical systems [12, 25] . We use F −.... instead of Fuzzy....
The notions of δ − F -pseudo-orbit, F − shadowing property, F −topological mixing, F −chain transitive, F -ergodic shadowing property, have been developed and presented. Some propositions on the above notions have also been established. Actually, we show that the following statements hold: 1) Any mapping with F -ergodic shadowing property is F −chain transitive.
2) If f has the F −ergodic shadowing property then for any natural number k the mapping f k has also the F −ergodic shadowing property.
3) F −ergodic shadowing property implies F −shadowing property.
4)
If f has the F -shadowing and F -chain mixing properties then it has the F −topologically mixing property.
In Section 4 we have introduced few examples to illustrate the definitions above. A tent map is one of the most popular and the simplest chaotic maps [4] . In Example 4.1 and Remark 4.2, we consider the family of tent maps and show that they have the F -shadowing and F -chain mixing properties. Also, in Example 4.3 we show that the classical shadowing property is a special case of fuzzy shadowing property and they are essentially different.
As usual the paper finishes some concluding remarks and open problems (Section 5).
Preliminaries
This section contains two major subsections: Fuzzy Metric Space and Discrete Dynamical Systems. We start this section by recalling some pertinent concepts.
Fuzzy Metric Space
Let * be a continuous t-norm, i.e., it is a binary operation from i) * is associative and commutative;
ii) * is continuous;
Lemma 2.1. [6] . For any r 1 > r 2 , we can find r 3 such that r 1 * r 3 ≥ r 2 and for any r 4 we can find r 5 such that r 5 * r 5 ≥ r 4 , (r 1 , r 2 , r 3 , r 4 , r 5 ∈ (0, 1)).
We also assume that (X, M, * ) is a fuzzy metric space [6, 7] i.e., X is a nonempty set, * is a continuous t-norm and
] is a mapping with the following properties:
For every x, y, z ∈ X and t, s > 0
2) M (x, y, t) = 1 if and only if x = y;
If (X, M, * ) is a fuzzy metric space, we will say that M is a fuzzy metric on X. The function M (x, y, t) denotes the degree of nearness between x and y respect to t. Many interesting examples of fuzzy metric spaces can be found in [9] . 
Since M (x, y, t) ≥ M (x, y, T 0 ) for all t > T 0 , then in the above definition it is sufficient that for one
Definition 2.4. [7] . Let (X, M, * ) be a fuzzy metric space. For t > 0, the open ball B(x, r, t) with center x ∈ X and radius 0 < r < 1 is defined by:
B(x, r, t) = {y ∈ X; M (x, y, t) > 1 − r}.
Similarly, for t > 0, the closed ball with the center x ∈ X and radius 0 < r < 1 is defined by:
In [8] it has been proved that every fuzzy metric M on X generates a Hausdorff first countable topology τ M on X which has a base the family of open sets of the form {B(x, r, t) : x ∈ X, r ∈ (0, 1), t > 0}.
Functions M(x,y,t) presented in Examples from 2.5 to 2.7 will be utilized in the Section 4.
Example 2.5. 
It is easy to verify that (X, M, .) is a fuzzy metric on X, where a.
Notice that B(x,
) = x for each x ∈ X and so τ M is the discrete topology.
Example 2.7.
[9] Let X = (0, 1] and define the function M 1 on X × X × (0, ∞) by:
It is easy to verify that (X, M 1 , .) is a fuzzy metric on X, where a.b = ab for all a, b ∈ X. Let > 0 and a ∈ X. This is clear that
Theorem 2.8. [7] . Let (X, M, * ) be a fuzzy metric space and τ M be the topology induced by the fuzzy metric. Then for a sequence {x n } ∞ n=1 in X, lim n→∞ x n = x if and only if lim n→∞ M (x n , x, t) = 1 for all t > 0.
A sequence {x n } ∞ n=1 in a fuzzy metric space (X, M, * ) is a Cauchy sequence if and only if for each , t > 0 there exists n 0 ∈ N such that M (x n , x m , t) > 1 − for all n, m ≥ n 0 . A fuzzy metric space in which every Cauchy sequence is convergent is called a complete fuzzy metric space. Definition 2.9.
[6]Let (X, M, * ) be a fuzzy metric space and f : X −→ X be a fuzzy map. Then f is said to be a fuzzy continuous map at the point x 0 , if for any ∈ (0, 1) and t > 0 there exists δ ∈ (0, 1) and
f is said to be a fuzzy continuous map if f is fuzzy continuous at any point of X.
Discrete Dynamical Systems. Here, we recall some notions and results of discrete dynamical systems which we require in this paper [4, 5] .
Let (X, d) be a compact metric space and f : X −→ X be a continuous map. For any two open subsets U and V of X, denote
When there is no ambiguity, we denote it by N (U, V ). We say that f is topologically transitive if for every pair of open sets U and V in X, N (U, V ) = ∅. Topological mixing means that for any two open subsets U and V , the set N (U, V ) contains any natural number n ≥ n 0 , for some fixed n 0 ∈ N.
Given a number δ > 0, a δ-pseudo orbit for f is a sequence {x i } 1≤i≤b such
there is a δ-chain from x to x. Denote by CR(f ) the set of all chain recurrent points of f . A sequence {x i } 1≤i≤b is said to be -shadowed by a point
A mapping f is said to have shadowing property if for any δ > 0, there is a > 0 such that every δ-pseudo orbit of f can be -shadowed by some point in X.
A mapping f is called chain transitive if for any two points
x, y ∈ X and any δ > 0 there exists a δ-chain from x to y. The mapping f is called chain mixing if for any two points x, y ∈ X and any δ > 0, there is a positive integer n 0 such that for any integer n ≥ n 0 there is a δ-chain from x to y of length n.
Given a sequence η = {x i } i∈N , denote
For a sequence η and a point x of X, denote
Definition 2.10. [5] . A sequence η is a δ-ergodic pseudo orbit if N po(η, δ)
has density zero, it means that lim n→∞ card(N pon(η, δ)) n = 0, where card(.) denotes the cardinal number. A δ-ergodic pseudo orbit η is said to be -ergodic shadowed by a point x in X if
In other words, N s(η, x, ), has density zero. A mapping f has ergodic shadowing property if for any > 0 there is a δ > 0 such that any δ-ergodic pseudo orbit of f can be -ergodic shadowed by some point in X.
The shadowing property and chain recurrence is one of the most important concepts in dynamical systems [1] , which are closely related to stability and chaos of systems, see, for instance [11, 22, 23] and are essential parts of stability and ergodic theory [1] .
In [5] Fakhari and Ghane prove the following theorem:
Theorem 2.11.
[5] Let f be a continuous onto map of a compact metric space X. For the dynamical system (X, f ), the following properties are equivalent:
(a) ergodic shadowing, (b) shadowing and chain mixing, (c) shadowing and topological mixing. We are going to study other concepts and their relations in another papers.
Fuzzy Dynamical Systems
We begin this section by some definitions which is an extension to fuzzy topology of the concepts in the previous section and will be used in Theorems 3.4 to 3.7 and Section 4.
Suppose X is a nonempty set and f : X → X is an arbitrary map. The n−th iteration f n of the map f is defined inductively by f 1 = f and f n = f of
for n ≥ 2 and the orbit of x under f is the set of points {x, f (x), f 2 (x), ...}.
It is well known [25] that (X, f ) induces a dynamical system (F(X), f ), called fuzzy discrete dynamical system, that is defined on the space F(X) of all fuzzy compact subsets of X. The map f is usually called fuzzification (see [2] and [15] for more details. Now, we consider a fuzzy discrete dynamical system, denoted by (X, M, * , f ), as a fuzzy continuous map f : X → X with all iterations and identity map, where (X, M, * ) is a fuzzy metric space. 
F −shadowing property, if for any > 0 there is a δ > 0 such that every
of f can be − F -traced by some point in X that is:
There is T 0 > 0 and
Let f be a fuzzy continuous map. For any two fuzzy open subsets U and V of X, let
We say that f is 
Given a sequence
For a sequence µ and a point x of X, let
Definition 3.3.
A sequence µ is a δ − F -ergodic pseudo orbit, if there exist
A δ − F -ergodic pseudo orbit, is said to be − F -ergodic shadowed by a point
A mapping f has F -ergodic shadowing property if for any > 0 there is a δ > 0 such that any δ − F -ergodic pseudo orbit of f can be − F −ergodic shadowed by some point in X.
Now we are ready to show the results of this paper. by the following formulas:
By definition of {x
Where card{a k , b k ; k = 0, 1, 2, ....} is cardinality of
is a δ − F −ergodic pseudo orbit and can be − F −ergodic shadowed by some point z in X. Since N f s (µ, z, , t) has density zero, for some t ∈ (0, ∞). Then we can find i, j, l, s ∈ N with j < l
is an − F −pseudo orbit from x to y.
Theorem 3.5. If f has the F −ergodic shadowing property then for any natural number k the mapping f k has also the F −ergodic shadowing property.
Proof. Let f has the F −ergodic shadowing property. Given > 0, let δ > 0 be an modulus of F −ergodic shadowing property of f . Suppose
It is easy to see that:
is an δ − F −ergodic pseudo orbit, f . Then there exists x ∈ X such that {z j } ∞ j=0 is − F −shadowed by x in dynamical system (X, M, * , f ).
This implies that Proof. First, we prove that any finite F -pseudo orbit of f can be shadowed by true orbit. Let µ = {z j } n j=0 be a finite δ − F −pseudo orbit, by Theorem 3.5, we can find a δ − F −pseudo orbit λ = {z n = y 0 , ..., y m = z 0 } from z n to z 0 . Then ω = {z 0 , ..., z n , y 1 , ..., y m−1 , z 0 , z 1 , ..., z n , y 1 , ...} is a δ − F −ergodic pseudo orbit and then can be F −ergodic shadowed by some point x ∈ X. If the set N f s (ω, x, , T 0 ) meet every µ interval then it would have positive density that is a contradict. Hence there exist at least one k ∈ N such that
is an δ − F −pseudo orbit of f , and so is − F −shadowed by some point w k ∈ X. Let z ∈ X be an accumulation point of {w k } ∞ k=1 , because X is a compact and complete fuzzy metric space. We show that {z j } ∞ j=0 is − F −shadowed by z. Fix n ≥ 0 and t > 0. By Lemma 2.1, there exist > 0 such that
Since f n is a fuzzy continuous map then there exist δ > 0
for every x ∈ X.
Take sufficiently large k n satisfying k n > n and
This prove that {z j } ∞ j=0 is 2 −shadowed by z.
Theorem 3.7. If f has the F -shadowing and F -chain mixing properties then it has F −topologically mixing property.
Proof. Suppose that f has the F -chain mixing property. Given two fuzzy open subsets U and V of X. Choose x ∈ U , y ∈ V , t > 0 and > 0 such that B(x, , t) ⊂ U and B(y, , t) ⊂ V. Let δ > 0 be an −modulus of F −shadowing property. Since f is F −chain mixing then there is a positive integer N 0 such that for any integer n ≥ N 0 , there is a δ − F −chain, x = x 1 , x 2 , ...., x n = y, of length n from x to y. By F -shadowing property we can find z ∈ X such that
Examples
In the following, we give an interval map that has the F −topological mixing property.
be the standard fuzzy metric space induced by d, where d(x, y) = |x − y| for all x, y ∈ X. Suppose f : X −→ X is the tent map which is defined by:
It is known that the tent map has the shadowing and chain mixing properties (see [4, 18] ) and we show that f has the F −shadowing and F −chain mixing properties.
x, y ∈ X. So f has the F -shadowing and F -chain-mixing properties. It follows from Theorem 3.7 that f has the F −topological mixing property.
Remark 4.2. [4] Consider the family of tent maps, i.e., the piecewise linear
In [4] , the authors proved that, tent maps have the shadowing property for almost all parameters β, although they fail to have the shadowing property for an uncountable, dense set of parameters. But, similar to The following example shows that the F −shadowing property is not completely similar to the shadowing property, although fuzzy metric space (X, M, * ) define the usual topological structure on X. (a) It is well known that f does not have the shadowing property [3] .
is the standard fuzzy metric space in Example 2.5.
It is clear that f is a fuzzy continuous function, respect to the fuzzy metric M d .
Since |x − y| < 1 for all x, y ∈ X. Thus, given > 0 there exist T 0 > 0 such that M d (x, y, t) > 1 − for all x, y ∈ X and t > T 0 . So this is clear that for
), x i , t) > 1 − for all i ≥ 0 and , for any δ > 0 we can find the points a, b ∈ X such that a < Up to this point, there is a δ − F −pseudo orbit that contains 1 4 and 1. Let
, for all t > 1 and for all i ≥ 0.
, for all t > 1 and for all i ≥ 0. This implies that (X, M, * , f ) does not have the F −shadowing property. By similar argument to the previous paragraph, one can prove that (X, M 1 , * , f ) does not have the F −shadowing property.
It is a remarkable fact that, one can prove analogous results for any map g sufficiently close to f . Figure 2 ) . At first we show that (X, M 1 , * , g) is a fuzzy continuous function. Since (X, M 1 , * , g) is a fuzzy continuous function, this is sufficient to prove that M 1 (g(x), g(y), t) > min{f (x), f (y)} max{f (x), f (y)} .
So M 1 (g(x), g(y), t) > M 1 (f (x), f (y), t) for all x, y ∈ X and t ∈ [0, 1].
Similar argument to f in Example 4.3 shows that the map g does not have the shadowing property and (X, M 1 , * , g) does not have the F −shadowing property.
Conclusion
In this paper, we extend some notions and results known in discrete dynamical systems on fuzzy discrete dynamical systems and some related properties are investigated. In particular, the relation between various fuzzy shadowing property and fuzzy mixing is investigated. More precisely, the following implications are obtained:
(a) F -ergodic shadowing property implies F −chain transitivity.
(b) F −ergodic shadowing property implies F −shadowing property.
(c) F -shadowing and F -chain mixing properties imply F −topologically mixing property.
By definitions, most of the proofs were straight forward, but because of Example 4.3 we expect that a theorem similar to Theorem 2.11 in fuzzy discrete dynamical systems can be obtained for special fuzzy metric spaces. In particular, We are going to study and extend the other types of shadowing and their equivalence to fuzzy topology in another papers. Investigating the relation between chaos and stability with shadowing in fuzzy topology will become our future research topic. We finish this paper with the following important questions:
1) For a fuzzy discrete dynamical system f : X −→ X, are the F −ergodic shadowing and F −topological mixing properties equivalent?
2) Does the fuzzy discrete dynamical system (X, M, * , f β ) have the F -shadowing and F -chain mixing properties, when f β is the tent map and (X, M 1 , * ) is the fuzzy metric space presented in Example 2.6 or Example 2.7?
